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Single-phase devices

Voltage source j
« Ideal voltage source: terminal voltage VJ = internal voltage

. VJ is variable if the source is controllable, or given otherwise

Current source j
« Ideal current source: terminal voltage I] = internal voltage

. IJ is variable if the source is controllable, or given otherwise

Power source j

« Ideal power source: terminal power §; = internal power

.« S is variable if the source is controllable, or given otherwise

Impedance j

« Impedance Zj: constrains its terminal voltage & current V] = — zjlj
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Single-phase OPF

Assumptions
Assume WLOG

« Single-phase devices: voltage sources and power sources only

. Each bus has a single device with <VJ, sj)

Formulate the simplest OPF to study general computational properties
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Single-phase OPF

Simplest formulation

Optimization variable: (V, s) := (VJ, Sj,j e N)

« Represents voltage sources VJ and power sources S; only

Cost function Cy(V, s)

Fuel cost: Cy(V,s) = Z ¢jRe(s))
j:gens

. Total real power loss: Co(V:$) = Z Re(s;)
J
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Single-phase OPF

Simplest formulation

Power flow equations in BIM

 Equality constraints on (V, s)

s = Ysm = 3 () (ve-wr) + () v

k:j~k k:j~k

e Derivation:
L(V) = y(Vi= V) + yiV,

H H
. . s 2 m
Si(V) = VjIj|l—<|(V) = (%‘k) <|Vj| _Vjv}j> + (yjk> 1V

* Can also use polar form and Cartesian form
* Nonlinear and global equality constraints, resulting in nonconvexity of OPF
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Single-phase OPF

Simplest formulation

Operational constraints

max

« Injection limits (e.g. gen. or load capacity limits): s}“m < s

IA
e

- Voltage limits: v™* < |Vj|2 < v

« Linelimits: |1,(V)|* < IF™, | L(V)|* < I7™

2

BVi=V) + V| < I (LhEE

‘ 2

NVe=V) + yIV| < I (L EE

Line limits can also be on line powers <Sjk(V), Skj(V)> or apparent powers ( |Sjk(V)
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Single-phase OPF

Simplest formulation

OPF in BIM
min  Cy(V,s)
(V.s)
subjectto  f(V,s) =0 power flow equations

g(V,s) L0 operational constraints

+  Does not need assumption y; = y;

« Can accommodate single-phase transformers with complex turns ratios
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Single-phase OPF

1. Other devices
« Can include other devices such as current sources, impedances, capacity taps
« Allow multiple devices connected to same bus

2. Can formulate OPF in terms of V only
« Use power flow equations to express injections sj(V) as functions of V

« Eliminate S; and power flow equations (equality constraints)

Next: explain each in turn
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Single-phase OPF
Including other devices

Examples

- Current source (controllable): variable /; with local constraints |Ij|2 < I}nax s

« Impedance z;: imposes additional constraint s; = | V; |2/zjH

» Capacitor tap (controllable): variable y; with local constraints yjmin <y < yjmax, S:

. . L . . . . min max
Multiple devices: injection variables Sik with local constraints Sik < Sik < Sik

Including other devices at bus j imposes additional local constraints

« Additional optimization var u; may be introduced

. Equality constraints relating <VJ, sj> and u; (if present) : ]j <Vj, Sjs uj) =0

« Inequality (operational) constraints (e.g., capacity limits): gj(uj) <0
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Single-phase OPF

In terms of V only

Equality constraints (BIM in complex form)

H H _
sV = Xsm o= X () (vP-vvE) + (o) 1P jeN
k:j~k k:j~k

o Expresses S; in terms of voltages V

Cost Cy(V) := Cy(V, s(V)) expressed as function of V

* Fuel cost:
H 2 H H 2
CV)i= Y ¢Re(s(V) = Y cRe| Y (y;() <|Vj| —Vjvk) + (ngi) V|
j:gens j.gens k:jmk

* Total real power loss:

Co(V) = ) Re(s(V))
J
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Single-phase OPF

Operational constraints

Injection limits (e.g. generation or load capacity limits) Sjmi“ < 5(V) < §ar

H H
2 — . T
s < Y (n) (P-vur) + () 1vP < 5 Jew
kij~k

 Polar form:

N
p. < gi |1ViI* = D IVilIVil(gpcos Oy — bysindy ) < p;
g k=0 k#j
< 2
p. = by 11V;I7 — | Vil 1 Vil ( Dy cos Oy + gy siny | < g;
! k=0 k#j

Steven Low OPF Bus injection model



Single-phase OPF

Operational constraints

Voltage limits (same as before):

vjrnin < |‘/]|2 < vjmaX, ]EN

Line limits (same as before):

2
MVi= V) + ynvi| < ™ (k) €E

2
wWVi=V) + yiVil £ g™, (G.kHEE

. Line limits can also be on line powers <Sjk(V), Skj(V)> or apparent powers < ‘Sjk(V) ‘ , ‘Skj(V) ‘ >
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Single-phase OPF

In terms of V only

Feasible set

V.= {V e CN*! | V satisfies operational constraints}

OPF in BIM
min  Cy(V)
vev

« Does not need assumption yjsk = y,fj

« Can accommodate single-phase transformers with complex turns ratios
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Single-phase OPF
In terms of V only

Feasible set

V.= {V e CN*! | V satisfies operational constraints}

OPF in BIM
min  Cy(V)
vev

We will mostly study this simple OPF
Can express it as a QCQP
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OPF as QCQP
QCQP

Quadratically constrained quadratic program:

min x"Cyx
xeC”

s.t. XHClx S bl’ [ = 1,...,L

« C;:n X nHermitian matrix
i bl = R
 Homogeneous QCQP : all monomials are of degree 2
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OPF as QCQP

QCQP
Inhomogeneous QCQP

min x"Cyx + (c(';'x+ch0)
xeC”

s.t. xHC,x + (cle+ch,) < b, [=1,...,L

Homogenization:
. lIdea: |x|2+ (cHx+ch) <b = |x+ct|2— |c|2|t|2§ b, |t|2=1

o If (x,t = ei‘g) satisfies 2nd inequality, then xt = xe'? satisfies 1st inequality
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OPF as QCQP
QCQP

Equivalent homogeneous QCQP

Co <ol rx
min H (H
xeC", teC [x t] C(|)_| 0O LZ
¢ Cl_ X
s.t. H (H < b, [=1,...,L

[X t] CZH 0 4 l
0 0] [x

[xH tH] o 1l = 1

Homogenization:
. ldea: |x|*+ (cHx+ch) <b <= |x+ct’=|c)lt)P< b, |t]*=1
o If (x,t = eig) satisfies 2nd inequality, then xt = xe'? satisfies 1st inequality
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OPF as QCQP

To write OPF as QCQP:

» Assume cost function Cy(V) = VHC,V can be written as a quadratic form
* Need to rewrite operational constraints in terms of quadratic forms

Steven Low OPF Bus injection model



OPF as QCQP

Injection limits s™" < s5(V) < s

H
_ v H _ [ H H _ _H yyHyH
sV = Vit = (') (1) = ¢ vty

s(V) = tr (ejHVVHYHej> = tr((YHejejH> VVH> =: VHyHy
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OPF as QCQP

Injection limits s™" < s5(V) < s

H
_ v H _ [ H H _ _H yyHyH
sV = Vit = (') (1) = ¢ vty

— H HyH — H, H H —_ HyH
V) = tr(efViirte) = tr<<Y ! >VV> = VHYHY

. YJ is not Hermitian so VHY].HV is generally complex

i — L/ — Ly
. Define CI)J- = 5 <YJ + Yj>, \Pj — Z <YJ — YJ)

Hence Sj-min <s(V) < S]-maX is equivalent to:

pjmin < VHcDjV < pjmax’ qjmin < VH\PjV < qjmax
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OPF as QCQP

Voltage limits

Voltage magnitude is: | le2 = VHJJ-V where J; := ejejT

Hence voltage limits are: vjmin < yH JV < vjmax
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OPF as QCQP
Line limits
Write [;; in terms of voltage vector V-

e = V=V + i = (g —e” + el v

Hence current limit is: |Ijk|2= VHIA/jkV < L™ where

R H
B = (g—e0 + e ) (ne—e” + yreT)

Steven Low OPF Bus injection model



OPF as QCQP

Simplest formulation

min  VAC,V
VE(]:N+1
s.t. pjmin < VHCI)jV <
g"" < VYV
i H
it < VRV

A IA

IA

<
=
5

HY Fmax
VHTLV < T

VHY,

Steven Low OPF Bus injection model
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Recall: overall 3-phase BIM

Device + network

1. Device model for each 3-phase device

) + conversion rules

. Internal model on <VjY/A,IjY/A, SjY/A

. External model on <VJ I, Sj)
* Either can be used

 Power source models are nonlinear; other devices are linear

Our perspective:
Y/A 7Y/IA _Y/A
Viim I s;

. Internal vars ( ) are controllable, depending on types of device

I

. External vars (V 8,

i > are not directly controllable

*. use internal model + conversion rules

Steven Low Caltech Network models



Recall: overall 3-phase BIM

Device + network

2. Network model relates terminal vars (V, I, s)

« Nodal current balance (linear): [ = YV
* Nodal power balance (nonlinear):

_ - H.,sH H.,mH
5= 3, diag (V= Vot + viviyn)
kij~k
e Either can be used

For OPF, our formulation uses (V. 5):

» Relate (V, s5) through power flow equations
« Power sources lead to nonlinear analysis, even if we use I = YV as network equation

. Need to relate internal optimization vars to (VJ, s].> using conversion rules

Steven Low Caltech Network models



Three-phase devices

Voltage source VjY/ A

« Internal optimization variable u; := yya ( Y assumed given)
=Y

. Local constraints that relate internal vars to (V], Sj>

. _ Y Y
Y: Vi= Vi+yi1

: _ YA
A I'v,=V

Note:

« Choosing V]-A does not uniquely determine V]

1
. Optimization over VJ implicitly chooses an optimal }/J-A = §1TVJ-

o If J/J-A is given, then I'V; = VJ-A should be replaced by V; = FTV].A + 7/]41
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Three-phase devices

Current source IJ.Y/ A

« Internal optimization variable u. :

_ 7Y/A
J_Ij

. Local constraints that relate internal vars and (Vj, Sj>

: A YH
Y: s; = —diag (VJI] )
: _ A AH
A : s; = —diag (VJIJ F)
Note:
. : A . - . A 1 T7A
. Optimization overlj implicitly chooses an optimal ﬂj = —1 I]
o f ﬂjA is given, it imposes an additional constraint IjA = — EFIJ + ﬂjA‘I (and express IJ in terms of (VJ, Sj>

Steven Low OPF Bus injection model



Three-phase devices

Y/A IY/A)

Power source ( ]

. Internal optimization variable u; := <sjY/A, IjY/A> (assume yjY =V'=0)
. Local constraints that relate internal vars and <Vj, sj>

) _ Y
Y: ;==

: _ : AH A AH
A s. = — diag (VJI] F), s& = diag <FVJI] )

Impedance ij/A
« Given parameter: zY/A (assume yjY = VJT“ = 0)
. Local constraints on terminal vars ,s]>
Y: s; = — diag <VVH H)
. - 4 yH AH
A s; = diag ( ) YJA = [TyAT

Steven Low OPF Bus injection model



Three-phase OPF

Variables:

. Terminal variables (VJ, Sj>

« Internal variables U depending on devices (discussed above)

Cost function: C, (V, s, u)

Equality constraints:
1. Power flow equations on (V, s) (global constraint): f(V,s) =0
H H H H : N
5 = Y dag <vj(vj —voH(ne) + v (o) > jeN
kij~k

2. Conversion rules relating internal optimization var U; to <VJ, sj> (local constraint, discussed above)

Steven Low OPF Bus injection model



Three-phase OPF

Inequality constraints:

1. Operational constraints on external vars: g(V,s) <0

injection limits: Sj¢mi“ < S;b < Sj‘f’max, ¢ €la,b,c}, jJEN
2
voltage limits: vj‘[’mm < de’ < \)J.¢max, ¢ € {a,b,c}, jJEN
2 2
line limits: Ij;f(V) < Ij;’jma", Ig(V) < Igma", ¢ € {ab,c}, (jk) €E

Same constraints as single-phase OPF, but on single-phase equivalent circuit

Steven Low OPF Bus injection model



Three-phase OPF

Inequality constraints:

2. Operational constraints on internal vars: gJ.Y/ A(uj) <0

for ¢pn € {an,bn,cn}, ¢o € {ab,bc,ca}

2 2
voltage source: pdnmin | <oy prmax pdomin. <\ yPe | < ydemax
J - J = ’ J - J =
2 2
current source: IJ < I;nax, IJ ol < I;nax
' 2
power source: ghnmin o ohn o gpnmax | < permax
J - g T ’ J =
' 2
Sjgb(p min < SJ 7 < S;{)(p rnax, IJ(/)go < I]c,bcp max

Local constraints at each bus j
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Three-phase OPF

Constraints summary
1. Constraints on terminal variables: f(V,s) =0, g(V,s) <0

« Power flow equation and operational constraints (terminal power injection limits, voltage limits, line
limits)

» Global constraints
« Extension of single-phase constraints to 3-phase setting, using single-phase equivalent

2. Conversion rules relating u; and (VJ, SJ-): f.Y/A (u-, V., S-) =0
J J I
 Local equality constraint for each device j

3. Operational constraints on internal variables: ng/ A(uj) <0

* Depending on type of device (voltage and capacity limits)
« Local constraints for each device j

Steven Low OPF Bus injection model



Three-phase OPF

Simplest formulation

OPF in BIM
min  Cy(V,s,u)
(V.,s,u)
f(V,s) =0, g(V,s) L0 Global constraints on terminal vars
f]“Y/A(Vj’ Sj’ uj) — 0, ng/A(l/tj) < O, ] c N Local constraints at each bus j

Steven Low OPF Bus injection model



Three-phase OPF
As QCQP

1. Can formulate OPF in terms of (V, u) only
. Use power flow equations to express sj(V) = yH (YJF”H> V' and eliminate s; and f(V,s) =0
« Same idea as before applied to single-phase equivalent

2. Can formulate OPF as QCQP

« Express operational constraints g(V, s(V)) < 0 in terms of quadratic forms in V (same idea applied
to single-phase equivalent)

. Express conversion rules ]?Y/A (VJ, Sj(V), uj> = 0 in terms of quadratic forms in (V, uj)

For details: see Lecture Notes

Steven Low OPF Bus injection model



Outline

1. Bus injection model

2. Branch flow model
* Single-phase OPF
* Three-phase OPF

3. OPF applications

4. Optimization algorithms
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Overview

Steven Low

BFM and BIM differ only in power flow equations

devicer models

BFM & BIM use
same device models

OPF Branch flow model

B

nodal
current/power
balance

———-——-—b{ network models

f

line/transformer
models

single-phase or 3-phase



Assumptions
Both single-phase & 3-phase OPF

Radial network
 BFM most useful for modeling distribution systems

S S

— i S — 1,8
Zyy = g, orequivalently y, =y

« Does not include 3-phase transformers in AY or YA configuration (or single-phase transformers with
complex gains)

Yie =Y =0

« Reasonable assumption for distribution line where |y]?}z |, |y,’;?| < |yj§€|

Includes only voltage sources and power sources

« Optimization variables are voltages (squared magnitudes) V; and power injections S; respectively

* A current source or an impedance will introduce additional var and constraint.

Steven Low OPF Branch flow model



Single-phase OPF

Power flow equations
« All lines point away from bus 0 (root)

2 Si= Si—uly+s, JEN
kijj—k
_ H 2 :
y-ve= 2Re (2 ) —15,°4,,  jokeE
2 .
vjl’ﬂjkz |Sjk|’ J—)kEE

Operational constraints

min max

5SS 5SS
min < yp. < pmax

] —

J - J
max
£y < 1

Jk

IA

Steven Low OPF Branch flow model



Single-phase OPF

Feasible set

TO = {x =(s,v,0,5) € RON+3 | x satisfies PF equations & operational constraints}

OPF in BFM
min  C(x)
xeT,

Steven Low OPF Branch flow model



Single-phase OPF

Equivalence
Recall for BIM:

o« Feasible set: V:= {VG CcN+ | V satisfies operational Constraints}

. OPF: min  Cy(V)
vev

OPF in BFM is equivalent to OPF in BIM:

« Feasible sets T, and V are equivalent (Ch 6)

« ... provided cost functions C(x) and Cy(V) are the same

Steven Low OPF Branch flow model



Three-phase OPF

Variables (x, u):
1. Directly generalizes vars in single-phase OPF (S} : complex psd matrices)
3 3 : — AT
s; € C°, v, € S, JEN
£y €SI, Sp € C¥°, j—>keE

To write conversion rule for power sources, introduce phasors as additional vars

<Vj,je]V>, <7jk,j—>keE)

Letx :=(s,v,2,V, I, S)
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Three-phase OPF

Variables (x, u):

2. Internal variables u := (uj,j S N) of 3-phase devices
voltage source : U = VJ.Y/A eC’

: — _ (YA YA 6
power source : u; 1= (ujl,ujz) = <sj s > e C

Steven Low OPF Branch flow model



Three-phase OPF

Equality constraints

1. Power flow equations (from Ch 10):

2, diag(S;) =

kij—k

Vj—Vk=

ViSik
H

| Sikl i |
ViSik

rank H =
Skl

Steven Low OPF Branch flow model
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Three-phase OPF

Equality constraints

1. Power flow equations (from Ch 10):

Z diag(Sjk) = diag <S,-j — Z,-jfl-j) + 5, jEN
kij—k
Vj—Vk= <Z]kS]g+SJkZ]|]-<|> — ijl/ﬂjkzj!l—c" ]—)kEE

ViSik

H > 0, jo>keE 1-.\\
S]‘kl’ﬂjk redundant constraints kept
_ _ for semidefinite relaxation (later)
ViSik /
rank = 1, j—>keE

il
_ H _ fogH _ yjH -
o= ViVih G = Llp Spo= Vil jok€EER
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Three-phase OPF

Equality constraints

2. Conversion rules for voltage & power sources (assume yjY =V'=0)

voltage source Y:
A
power source : Y:
A

Steven Low OPF Branch flow model

_ yYyYH _ H
v = VJV] = U,
T _ yAyAH _ H
FvJ-F = V] V] = wl;
— H —_ _
s; = —diag (Vjuj2 , S; = 1
— ; H _ . H
s; = — diag <\/juj2F>, uy = diag (F‘/juﬂ)



Three-phase OPF

Inequality constraints

1. Operational constraints on x:

injection limits: sjmin <5 < sjmax
voltage limits: ijin < diag <vj>

H Tites H max
line limits: diag <z/”jk) < I,

Steven Low OPF Branch flow model
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Three-phase OPF

Inequality constraints

2. Operational constraints on internal vars u;:

Steven Low OPF

J

2
voltage source: ppnmin < ydnl <y pnmax pdomin
J J J J
power source: SjY <L SjY < sjY max,
Amin » (A  JAmax
o= =0

Branch flow model

< vf’b‘p max

IA

I¢n max
J

I¢¢ max



Three-phase OPF

Feasible set

T3p = {(x, u) = (s,v,2,V, 1S, u) | (x, u) satisfies all constraints}

OPF in BFM

min C(x, u)
(x,u)ET]'3p

Three-phase OPF in BFM is equivalent to three-phase OPF in BIM:

» Their feasible sets are equivalent (Ch 10)
* ... provided their cost functions are equivalent

Steven Low OPF Branch flow model



Outline

1. Bus injection model
2. Branch flow model

3. OPF applications

* \oltage control (distribution grid)

4. Optimization algorithms

Steven Low OPF Branch flow model



Voltage control

Distribution system

Voltage instability: magnitudes fluctuate outside their limits
* PVs may push magnitudes above upper limits

* EVs may push magnitudes below lower limits

Traditional solution

 Infrastructure upgrade: more/larger transformers, wires, etc

Non-wire solution
» Distributed energy resources (DER) optimization
* e.g. batteries, smart inverters, demand response

e (Can formulate as an OPF

Steven Low Caltech Example applications



Voltage control
Optimal battery operation

min Vit ref [ ) deviation from nominal voltages
min ZZ(l 0 = el
st @) + o) = ) (V0. v < VO <V,

kej~k
| S, (V)| < Sy, | S (V)| < S

Steven Low Caltech Example applications



Voltage control
Optimal battery operation

min Vit ref [ ) deviation from nominal voltages
min ZZ(l 0 = el
st @) + o) = ) (V0. v < VO <V,

kej~k
| S, (V)| < Sy, | S (V)| < S

bj(l‘ + ]) — bj(t) — Re <u](t)> charging/discharging (100% efficiency)

Steven Low Caltech Example applications



Voltage control
Optimal battery operation

min Vit ref [ ) deviation from nominal voltages
min ZZ(l 0 = el
st @) + o) = ) (V0. v < VO <V,

kej~k
| S, (V)| < Sy, | S (V)| < S

bj(l‘-|- 1) = bj(t) — Re <u](t)> charging/discharging (100% efficiency)
w < Re(u®) <@ 0 <bo<B

power limit energy limit

Steven Low Caltech Example applications



Voltage control
Optimal battery placement

mn Y Y <|Vj(t)|2 _ vjref(t)>2 + Y eB,
t J

uV, b, B
st w@) + o) = ) (V0. v < VO <V,
kij~k
S (VD] < Spe 1SV <

bt+1) = bt —Re (u0)

w < Re(u®) <@ 0 <bon<B

ijpt > ( : place battery at bus j

Steven Low Caltech Example applications



Outline

1. Bus injection model
2. Branch flow model

3. Optimization algorithms
* Newton-Raphson algorithm
* Interior-point algorithm

Steven Low OPF  Optimization algorithms



Complex formulation

Even though OPF is often formulated in C, it is converted to R before being solved iteratively

Example: QCQP Equivalent to:
. T
min xHCox min %L Cor = Coil (%
xeC" (5. x)ER? Y| [Coi Cor ] 1]
H — Trc, =i [
St X Cl.x S bl’ l _— 1,. cen L st [);r] [Clr c li ir < bla [ = 1,...,L
l li Ir l

« C;:n X n Hermitian matrix

e 2n X 2n symmetric matrices
i bl c R

Steven Low OPF  Optimization algorithms



Algorithms for OPF
Popular algorithms

Newton-Raphson algorithm

* 2nd order algorithm
* Interior-point algorithm

Interior-point algorithm

» Based on barrier functions
* Uses of Newton-Raphson algorithm for subproblems

Steven Low OPF  Optimization algorithms



Newton-Raphson algorithm

NR is algorithm for solving
F(x)=0, F:R"—> R"
lteratively:
x(t+1) = y() + Ax(¢)
J(y(1) Ax(1) = — F(x(?))

where J(x) := a—(x) is Facobian of I
X

Application to optimization problems:
« F(x) = 0is KKT condition
* If NR converges, it computes a KKT point xOpt

.« x%Plis g global optimal if the problem is convex (feasible otherwise)

Steven Low OPF  Optimization algorithms



Newton-Raphson algorithm

Describe NR progressively for solving
» Linear equality constrained problems
* Nonlinear equality constrained problems
* Inequality constrained problems

Steven Low OPF  Optimization algorithms



Newton-Raphson algorithm

Linear equality constraint

Consider
min  f(x) s.t. Ax = b
xeR"
where
« f: R" —» R is twice continuously differentiable
. A = Ran

Steven Low OPF  Optimization algorithms



Newton-Raphson algorithm
Linear equality constraint
Consider

min  f(x) s.t. Ax = b

xeR”

Lagrangian:
L(x,2) = f(x)+AT(Ax — b)

Jacobian of L(x, A):

V. _Lx, A T
Foe2) [ et )] _ [Vf(x) +ATA
V, L(x, 4) Ax—b
KKT condition to be solved by NR algorithm:
F(x,A)=0
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Newton-Raphson algorithm
Linear equality constraint

Consider
min  f(x) s.t. Ax = b

xeR”

Jacobian of F(x, A):

Jx, 1) = S—Z(x) AT » KKT matrix
’ A 0  Independent of 4
NR iteration:
x(t + 1) w0 | [Ax) D@y AT| [Ax0] _ [VA@) +ATA0)
At +1) [/1(;)] ¥ [M(t)] where [ax o ol T T axm-b
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Newton-Raphson algorithm
Nonlinear equality constraint
Consider

min  f(x) s.t. gx)=0

xeR”

where
« f:R" > Randg:R" — R™ are twice continuously differentiable

Follow the same procedure as for linear equality constrained problems
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Newton-Raphson algorithm
Nonlinear equality constraint
Consider

min  f(x) s.t. gx)=0

xeR”

Lagrangian:
L(x,) = flx)+4"gx)

Jacobian of L(x, A):

V. L(x, A 98 T
Fx,7) = [ o )] = [
Vﬂ L(x, /1) g(x)
KKT condition to be solved by NR algorithm:
Fx,A)=0
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Newton-Raphson algorithm
Nonlinear equality constraint

Consider

min  f(x) s.t. gx)=0

xeR”

Jacobian of F(x, /1)

azf e gk % T_
Jx,A) = ( )+ Zk ox 2 (3x(x)

0,
W 0
NR iteration:
x(r+ 1) x(1) Ax(t) Ax(@)| Vf(x(t))+a—i(x(t))Tﬂ,(t)
A+ 1) L(r)] " [A,w)] where  J(x, 4) [A/l(t)] - _[ g()f(t)) ]
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Newton-Raphson algorithm

Inequality constraint
Consider
min  f(x) s.t. gx) L0

xeR"
where
e f:R" > Randg:R" — R™ are twice continuously differentiable

Two common solution approaches

1. Introduce slack var z > 0 to reduce the inequality into a simple inequality constraint:
min f(x) s.t. gx)+z =0, z >0
(x,z)ER"™™
2. Replace constraint by a penalty term and reduce to unconstrained problem:

_ 1
min f(x) + 7qb(x) This is the approach of interior-point algorithms !
xeR”
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Interior-point algorithm
Basic idea

Consider

min  fy(x) s.t. fix) 0, gx) =0

xeR”

where
c fo:R"=>R,f:R" = R" g:R" = RP are twice continuously differentiable

Basic idea:
 Approximate problem by equality constrained problem by replacing f(x) < 0 by a barrier function

» Solve the approximate problem by Newton-Raphson methods
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Interior-point algorithm
Log barrier function

Log barrier function ¢ : R" - R is
p(x) = — ) log(—f(x))

over dom¢ = {xe€R":fi(x)<0,i=1,...,m}

Properties:

¢ Pp(x) > © asf(x) — O forany i

Vo) = me(x)
0%f.

o’y .
L = Zfz( TV VAT + Z_f(x) S0
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Interior-point algorithm
Approximate problem

Consider

min  fy(x) s.t. fix) 0, gx) =0

xeR”

Approximate problem

mg’lq fo(x)+%q§(x) s.t. gx) = 0
or

Problem(t) : mig tfo(x) + P(x) s.t. gx) = 0

xeR

e Largert > 0 = more accurate approximation
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Barrier method
A popular interior-point method

Basic idea

 Solve Problem(?) for an increasing sequence of ¢ > 0 until solution is accurate enough

 For each ¢, solve Problem(?) using Newton-Raphson algorithm

Questions

 How to choose the sequence of ¢?

* When to terminate?

Answer these question for convex problems
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Barrier method

Assumptions

1. Original problem is convex, i.e., fy, fi, - - -»f,, are convex and g(x) = Ax — b

2. For each t > 0, Newton-Raphson algorithm converges to the unique optimal solution x(#) of
the approximate problem

« Central point : optimal solution x(?)

« Central path : set {x(¢) : t > 0} of central points
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Barrier method
Central point x(7)

1. Original problem is convex, i.e., fy, f1, - - -» /,,, @re convex and g(x) = Ax — b

2. For each t > 0, Newton-Raphson algorithm converges to the unique optimal solution x(#) of
the approximate problem

Theorem
Foreacht > 0

1. x(?) is feasible for original problem

m
2. Objective value is at most m/t away from optimal value, i.e., fo(x(?)) —f(())pt < —

. opt t
In particular f,(x()) —>f0 ast — oo
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Barrier method

Input: strictly feasible x, initial ¢ := 1, scaling factor y > 1, tolerance €.
Output: an approximate solution x

1. whiler < % do

(a) Solve Problem(r) to compute x(¢) using the Newton-Raphson algorithm starting
from x.

(b) x < x(1).
(c) t < 7.

2. Return: x.

In principle, one can solve Problem(?) with ¢ := m/e instead of solving a sequence of Problem(?).
In practice, barrier method works better.

Steven Low OPF  Optimization algorithms



